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SUBJECT: Single-Pass  O r b i t  Determination by DATb February 27, '(1964 
Smoothing Radar Orb i t a l  Tracking 
Data - Case 20061. 

0 
I. I n t r o d u c t i o n  

T h i s  m e m o r  

the smoothed p o s i t i o n  and v e l o c i t y  o f  an o r b i t i n g  body as it 

passes  over  a s i n g l e  r a d a r  t r ack ing  s t a t i o n .  

d i f f e r e n t  from the usua l  o r b i t  de te rmina t ion  problem, I n  which 

an o b j e c t  i s  t racked  by many s t a t i o n s  and a "bes t  f i t "  o r b i t  

i s  made t o  the data ,  u s u a l l y  by a form of d i f f e r e n t i a l  cor-  

r e c t i o n  scheme ( R e f .  1). However, d i f f e r e n t i a l  c o r r e c t i o n  

methods are o f t e n  no t  p a r t i c u l a r l y  e f f i c i e n t  o r  accu ra t e  for 

s ing le -pass  data (Ref.  1). The procedure descr ibed  he re  i s  

most e f f e c t i v e  f o r  the case of the s i n g l e  pass, 

p a r t i c u l a r l y  w e l l  adapted t o  reducing d a t a  from a number of 

s t a t i o n s .  

T h i s  problem is 

but  Is n o t  

An estimate of  the accuracy ob ta inab le  f o r  the Apollo 

park ing  o r b i t  i s  shown i n  Figure 1, which g i v e s  v e l o c i t y  e r r o r  

as a f u n c t i o n  of t r a c k i n g  time, f o r  d i f f e r e n t  ranges t o  the 

s a t e l l i t e .  The assumed radar e r r o r s  are t abu la t ed  

A s  i s  t y p i c a l  of  smoothing techniques, t h e r e  i s  an 

smoothing t i m e  which r e s u l t s  i n  minimum e r r o r ,  and 
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accuracy. For most cases  of i n t e r e s t ,  the o b j e c t  be ing  

t r acked  i s  not above the horizon f o r  the f u l l  optimum 

pe r iod .  

s ib l e .  

t i v e  if i t  were desirable t o  ob ta in  a quick estimate of an  

o r b i t  from an i s o l a t e d  t r ack ing  s t a t i o n ,  such as a t r ack ing  

ship.  R e l a t i v e l y  small f a c i l i t i e s  could be used f o r  t h e  corn- 

p u t a t i o n s  required,  and then  only e i ther  a se t  o f  o r b i t a l  e l e -  

ments o r  t h e  p o s i t i o n  and v e l o c i t y  v e c t o r  a t  one t i m e  could 

be t r a n s m i t t e d  t o  a c e n t r a l  s t a t i o n ,  where the o r b i t  would be 

computed. 

0 The best p o l i c y  then  is  t o  track f o r  as long as pos- 

Using smoothed d a t a  df this s o r t  would be  most e f f e c -  

0 

The b a s i c  p r i n c i p l e  used i n  t h e  method t o  be de- 

s c r i b e d  i s  t o  use measured p o s i t i o n  va lues  t o  compute the 

g r a v i t a t i o n a l  a c c e l e r a t i o n ,  The computed a c c e l e r a t i o n s  a r e  

then  i n t e g r a t e d  i n  an i n e r t i a l  coord ina te  system and sub- 

t r a c t e d  from measured va lues .  The d i f f e r e n c e s  are smoothed 

i n  polynominal f i l t e r s ,  and the i n t e g r a t e d  q u a n t i t i e s  are 

then  added i n  t o  g ive  the t o t a l  smoothed v e l o c i t y  o r  p o s i t i o n .  , 

E r r o r s  i n  smoothing a r i se  from radar no i se  and 

radar bias, bu t  bias e r r o r s  e n t e r  the smoothed data i n  two 

d i f f e r e n t  ways. Ce r t a in  bias e r r o r s  (azimuth and s i t e  loca-  

t ion ,  i n  p a r t i c u l a r )  correspond b a s i c a l l y  t o  a r o t a t i o n  o r  

* t r a n s l a t i o n  of coord ina tes .  Thus v e l o c i t i e s  w i l l  i n  gene ra l  

0 
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be computed c o r r e c t l y  with r e spec t  t o  the radar i f  such 

biases are present ,  bu t  d i r e c t i o n s  and l o c a t i o n s  will be i n  

e r r o r  by the amount the  r ada r  is i n  e r r o r .  It is apparent  

t ha t  measurements from a s i n g l e  radar only cannot remove 

e r r o r s  of t h i s  s o r t .  Other bias e f f e c t s  (mainly i n  range 

and e l e v a t i o n )  produce erroneous a c c e l e r a t i o n s  i n  t h e  meas- 

ured q u a n t i t i e s .  These a c c e l e r a t i o n s  a r e  de t ec t ed  by the 

smoothing f i l t e r s  and t h e i r  e f f e c t s  a r e  u s u a l l y  exaggerated.  

The bias-caused a c c e l e r a t i o n s  produce a dynamic e r r o r  a t  t h e  

output  of t he  f i l t e r ,  which tends t o  inc rease  with i n c r e a s i n g  

smoothing time, while t h e  noise  e r r o r  tends t o  decrease w i t h  

i n c r e a s i n g  smoothing time. Thus t h e r e  is some time f o r  which 

t h e  t o t a l  e r r o r  i s  minimized. 

/ 

a 

a 

The a c t u a l  dynamic e r r o r s  f o r  any pass depend t o  a 

g r e a t  degree on t h e  geometry of t h a t  p a r t i c u l a r  pass. For 

example, while the  g r a v i t a t i o n a l  a c c e l e r a t i o n  is almost con- 

s t a n t ,  i t  would a f f e c t  mainly angle  measurements f o r  a pass  

low on the horizon, bu t  mainly range measurements f o r  a pass  

n e a r l y  overhead. The problem is f u r t h e r  complicated by t h e  

f a c t  that  most radars a r e  considerably more accu ra t e  i n  range a 
t h a n  i n  angle .  I n  the  e r r o r  a n a l y s i s ,  some assumptions are 

made t o  o b t a i n  r e s u l t s  of reasonable g e n e r a l i t y ,  u s u a l l y  i n  

the na tu re  of a t tempt ing  t o  s e l e c t  a s i t u a t i o n  whose geometry 

p r e s e n t s  a worst case i n  a p a r t i c u l a r  coordinate ,  and then a 
computing the  dynamic e r r o r s  i n  t ha t  coord ina te .  



11. General Procedure 

The basic idea of t h i s  smoothing procedure, as d i s -  a cussed i n  the previous sec t ion ,  i s  t o  remove nominal e f f e c t s  

by us ing  g r a v i t a t i o n a l  a c c e l e r a t i o n s  computed from the meas- 

ured p o s i t i o n s .  The procedure, which i s  a l s o  diagrammed i n  

Figure 2, i s  descr ibed below. 

a 1. Convert the radar t r a c k i n g  data (assumed t o  be range, 

azimuth, and e l e v a t i o n )  i n t o  an ear th-centered ,  i n e r t i a l  co- 

o r d i n a t e  system . 
2 ,  Calcu la te  t he  d i r e c t i o n  and magnitude of the g rav i -  

t a t i o n a l  a c c e l e r a t i o n  a t  each p o i n t  from 

where r i s  the  r a d i u s  vec tor  from the  c e n t e r  of the e a r t h  t o  

the po in t  i n  ques t ion  and k i s  the g r a v i t a t i o n a l  cons tan t .  

The unsmoothed r a d a r  data i s  t o  be used t o  compute F. 

3. I n t e g r a t e  numerically i n  t h e  i n e r t i a l  coord ina te  

system t o  get  the nominal iricrement i n  v e l o c i t y  from t h e  be- 

ginning of the  pass. 

4. Sub t r ac t  t h e  computed v e l o c i t y  increment from first  

d i f f e r e n c e s  i n  the  measured p o s i t i o n  data. 

5. Smooth t h e  r e s u l t i n g  d i f f e r e n c e s  by means of growing 

v e l o c i t y  f i l t e r s  ( a l s o  ca l l ed  1,l f i l t e r s )  as descr ibed i n  
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Reference 2 and in the Appendix. These filters require a 

minimum of data storage in the computer, and are easy to 

implement. 

computed integral of gravity (in each coordinate). 

0 The final velocity is the filter output plus the 

6. If it is desired to smooth position, the accelera- 

tion may now be integrated a second time, subtracted from the 

position (the position should be delayed by one cycle to allow 

for delays in the integration) and smoothed in a 0,O filter 

(Appendix and Ref. 2) .  

integrated accelerations are added along with the output of 

the 1,l filter multiplied by 1/2(T-At), where T is the smoothing 

time and At is the interval between measurements. For most 

radars, the bias errors are large enough to make it unprofit- 

able to smooth position, because most of the bias error is 

not removable by smoothing a single pass position. Position 

0 

At the output of the filter, the 

smoothing will not be discussed in any detail in this 

memorandum. 

111. Error Components 

Numerous approximations are made in this section 

simplify computing the errors, but it is not intended that 

the actual operational procedure described in the previous 

section have the same omissions. For example, the effects 

' 

to 

of 

earth's rotation w i l l  be neglected here since it does not af- 

fect the magnitude of the smoothing errors. It must be in- 0 
cluded in all of the coordinate rotations actually performed, 

however, or else a very large error will be incurred. 



Most r a d a r s  measure i n  the familiar range-azimuth- 

e l e v a t i o n  coord ina te  system. However, it will be simpler if 1 

it  i s  assumed t h a t  t h e  radar measures p o s i t i o n s  i n  s tandard  s p h e r i c a l  

coord ina tes ,  i l l u s t r a t e d  i n  Figure 5 ,  where 8 = -A; and 

cp = 90°-E, 

c o n s i s t e n t  w i t h  s tandard n o t a t i o n  f o r  s p h e r i c a l  coord ina tes ,  

The i n e r t i a l  coordinate  system assumed w i l l  be the x-y-z co- 

o r d i n a t e s  shown I n  Figure 5 t r a n s l a t e d  t o  the c e n t e r  of the 

ear th ,  The r o t a t i o n  of t h e  ea r th ,  which i s  a very small e f -  

f e c t  f o r  t he  l eng th  of time a s a t e l l i t e  i s  i n  view of a 

s t a t i o n ,  w i l l  be neglected i n  t h e  fol lowing a n a l y s i s  (a l though 

i t  must be considered i n  a c t u a l l y  smoothing the  d a t a ) ,  The 

coord ina te  system of Figure 5 i s  t h e r e f o r e  a l s o  an i n e r t i a l  

coord ina te  system, which i s  completely equiva len t  t o  the 

ear th-centered  system f o r  v e l o c i t i e s  and a c c e l e r a t i o n s  ( s i n c e  

the  two coord ina te  systems d i f f e r  only by t r a n s l a t i o n s ) .  

P o s i t i o n  e r r o r s  i n  t h e  radar-centered coord ina te  system are 

i d e n t i c a l  t o  the  e r r o r s  i n  the ear th-centered  system. I n  

0 
/ 

A lower case rrrrr w i l l  be used f o r  range t o  be 

a 

gene ra l ,  no d i s t i n c t i o n  w i l l  be made between these two co- 

o r d i n a t e  systems u n l e s s  only one of them can be used, such as 

i n  computing g r a v i t a t i o n a l  acce le ra t ions .  I f  a coordinate  

i s  ear th-centered ,  t h e  subsc r ip t  "c" w i l l  be used. 

a 

The r ec t angu la r  coord ina tes  a r e  re la ted t o  the  

radar coord ina tes  by the familiar r e l a t i o n s  
0 
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x = r cos  8 s i n  cp 

y = r s i n  8 s i n  cp 

z = r cos cp 

The p o s i t i o n  v e c t o r  i n  r ec t angu la r  coord ina tes  w i l l  be c a l l e d  

R, while t h e  p o s i t i o n  vec tor  i n  radar coord ina tes  w i l l  be &. 
Thus, 

- 

0 - The same n o t a t i o n  w i l l  be used f o r  v e l o c i t i e s :  R = V, and 
0 - - R = VR. We then  have by d i f f e r e n t i a t i o n  of ( 2 )  R 

where A i s  t h e  matr ix  

r cos 8 cos cp 

r s i n  e cos cp (5)  I 8 s i n  cp -r s i n  8 s i n  cp 

r cos 8 s i n  cp 

0 -r s i n  cp 

The a c c e l e r a t i o n s  i n  r ec t angu la r  and r a d a r  coord ina tes  a r e  

r e l a t e d  by 

- ' -  
a = A VR + A ZR 
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. 
where the matrix A is  the d e r i v a t i v e  of  (5) given by 

. 
4 s i n  e s i n  cp -r. s i n  8 s i n  cp i? COS e COS (p 
+Q cos e cos cp -re cos 9 s i n  cp -rt s i n  8 cos cp 

-ri s i n  e cos,cp -rcp cos 8 s i n  cp 

6 cos e s i n  cp r cos 8 s i n  cp r. s i n  8 cos cp 
-rb s i n  e s i n  cp +re cos e cos  cp 
+r@ cos 9 cos cp -r@ s i n  8 s i n  cp 

. 
++ s i n  e cos cp I 
-6 s i n  cp L 0 -5 s i n  cp 

-r$ cos cp 

It i s  now poss ib l e  t o  express  mathematically the  steps 

descr ibed  i n  the  preceding s e c t i o n .  

measures a sequence of pos i t i ons ,  R R ( t )  + ER, where KR repre- 

r e s e n t s  the noise  i n  each coordinate .  These p o s i t i o n s  are 

transformed t o  r ec t angu la r ,  ear th-centered  coord ina te s  Ec, 
and the  g r a v i t a t i o n a l  a c c e l e r a t i o n  i s  computed from Equa- 

t i o n  (1). The i n t e g r a l  of t h i s  a c c e l e r a t i o n ,  which w i l l  be 

c a l l e d  va, i s  sub t r ac t ed  from f i r s t  d i f f e r e n c e s  i n  E, and 

t h e  r e s u l t  i s  smoothed. 

I n  the idea l  case,  t h e  radar 
- 

- 
The " g r a v i t a t i o n a l  v e l o c i t y "  Va i s  

t h e n  added back i n ,  g iv ing  t h e  t r u e  v e l o c i t y  p lus  an  e r r o r  

due t o  the noise ,  which may be computed u s i n g  t h e  s tandard 

f i l t e r  formulas. There i s  no dynamic e r r o r  i n  t h e  procedure 

i n  the i d e a l  case .  

Now cons ider  the  e f f e c t  of biases. Suppose the 

radar coord ina tes  as measured a r e  a q u a n t i t y  Ki = KR+rR+gR, 
where the vec to r  gR i s  given by 
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and A r ,  A@,  and Acp a r e  unknown b i a s e s  independent of time. 

The p o s i t i o n  i n  rec tangular  coord ina tes  i s  now 

where E i s  t h e  t r u e  pos i t i on  i n  r e c t a n g u l a r  coord ina tes  as  

a f u n c t i o n  of t ime.  The "A" matr ix  t ransforms both noise  

and b i a s  t o  r ec t angu la r  coordinates  i f  it i s  assumed tha t  

t h e s e  small e r r o r s  a r e  approximately equal  t o  the d i f f e r e n t i a l s  

of p o s i t i o n .  The g r a v i t a t i o n a l  a c c e l e r a t i o n  i s  now computed 

as  a f u n c t i o n  of Ri  (which i s  j u s t  

of t h e  ear th  i f  e a r t h f s  r o t a t i o n  i s  neg lec t ed ) ,  so  

t r a n s l a t e d  t o  t h e  c e n t e r  

as  con t r a s t ed  t o  t h e  true component 

- 
V, = /a(E) d t  

The v e l o c i t i e s  computed with the b iased  d a t a  a r e  
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0 

where vN a r e  the components due t o  noise .  

vN, w i l l  be dropped f o r  t h e  moment and considered la te r ,  

s i n c e  methods f o r  computing the e r r o r  due t o  no i se  a r e  f a i r l y  

s tandard .  I f  only dynamic components a r e  considered, Equa- 

t i o n  (12)  can be r e w r i t t e n  as  

The noise  par t ,  

where To i s  t h e  i n i t i a l  v e l o c i t y .  The q u a n t i t y  t o  be smoothed, 

which w i l l  be c a l l e d  vd, has Equation (10) removed from i t ,  

g iv lng  

- - 
Vd = v 0 + (va-v;) + ii ER 

I d e a l l y ,  of course,  vd i s  j u s t  equal  t o  the cons tan t  v e l o c i t y  

To. 
1,l f i l t e r s ,  the output  i s  ( R e f .  2) 

If each component of vd i s  now passed through i d e n t i c a l  

where vdf denotes  the f i l t e r  output ,  and T i s  equal  t o  t h e  

smoothing time. After the " g r a v i t a t i o n a l  v e l o c i t y "  i s  added 

back i n ,  t he  output of the f i l t e r  (and the f i n a l  answer), 

Vf, i s  
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- 
where EVD i s  the  dynamic 

* -  -% = A BR + 

e r r o r  i n  v e l o c i t y ,  given by 

The noise  e r r o r  (which was neglected i n  the previous para- 

graphs) i s  given by 

2 6 2  
rn3P ‘N ’ am = - 

2 where am i s  the var iance of the output  e r r o r  i n  each coor- 

d i n a t e  and aN i s  t h e  var iance of t h e  Input  i n  each coord ina te  

( a f t e r  t ransformat ion  t o  r ec t angu la r  coordinates), assuming 

( a s  i s  customary) t h a t  the noise  i n  range, angle ,  and e leva-  

t i o n  are independent, normal, uncor re l a t ed  sources  with Markoff 

d i s t r i b u t i o n s  having a corner  frequency f c ,  The smoothing time 

i s  T i n  Equation (18) . . 

2 

defore f i n d i n g  the optimum f i l t e r ,  i t  i s  necessary 

t o  e s t ima te  t h e  dynamic e r ror  given i n  Equation (17) 

of the t h r e e  terms i n  t h a t  equat ion w i l l  be determined separ- 

a t e l y  i n  t h e  fol lowing paragraphs, It should be noted tha t ,  

because t h e  f i rs t  term i n  (17) i s  no t  mul t ip l i ed  by the 

smoothing time of t h e  f i l t e r ,  that  term p lays  no p a r t  I n  the 

Each 

f i l t e r  opt imizat ion,  but i s  just  an  e r r o r  added on t o  the 

e r r o r  i n  t h e  f i l t e r  output ,  The three p a r t s  of (17) w i l l  be 

evaluated,  i n  t h e  o rde r  i n  which they  appear i n  t ha t  equation, 

s t a r t i n g  with t h e  A BR term. 
0 -  
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If the var ious  elements of t he  mat r ix  A are compared 

w i t h  the coord ina te  t ransformations of Equation (2), I t  may be 

seen  tha t  an  equiva len t  way of w r i t i n g  A is 

i/r -xG/r2 
i = +/r-yS/r 2 

?/r-z +/r 2 I 'Y 

j ,  

0 

(The symmetry becomes more apparent i f  -y i s  w r i t t e n  as x( @+goo) 

and x is w r i t t e n  as y(8+gOo).) The e r r o r  I n  fi i n  vec to r  form I s  

- 
A BR = ErAr + :,r s i n  cp A 6  + u r Arp , 

cp 

- - 
where ur, u8, and u are u n i t  v e c t o r s  i n  the r, 8, and cp d i r e c -  

t i o n s  r e s p e c t i v e l y .  An examination of the elements of (20) re- 

v e a l s  t he  fol lowing f a c t s :  

cp 

1. Azimuth b i a s e s  (determined by the second column) co r re -  

spond t o  a r o t a t i o n  of  coord ina tes  by the amount of the bias .  

The maximum e r r o r  caused by an azimuth bias i n  the A ER term IS 
. 

i s  t h e r e f o r e  VhAB, where Vh is the  h o r i z o n t a l  component of 

Veloc i ty .  The maximum i s  a t t a i n e d  i f  Vh is i n  e i t h e r  the  x o r  

y d i r e c t i o n s .  
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2. E leva t ion  b i a s e s  (determined by the t h i r d  column) 

are similar I n  na tu re  t o  a coordinate  r o t a t i o n ,  but the ro-  

ta ted coord ina te  system keeps changing. However, s i n c e  the 

three elements i n  t h e  t h i r d  column of (20) are the three 

components of v e l o c i t y  i n  an  orthogonal coord ina te  system, 

t h e  maximum e r r o r  caused by an e l e v a t i o n  blas i n  the A ER 
term i s  VAcp, where V I s  the  magnitude of the  t o t a l  v e l o c i t y .  

This maximum would occur i f  the  t o t a l  ve loc l ty 'were  i n  the 

d i r e c t i o n  of one of t he  r o t a t e d  axes of t h e  t h i r d  column 

e 

of (20 ) .  

3. The range s i t u a t i o n  i s  considerably more complicated, 

bu t  f o r t u n a t e l y  the range terms I n  A gR a r e  n e g l i g i b l e ,  f o r  

p r a c t i c a l  radars. 

t he  f i r s t  column of (20) can have i s  2V/r, which would occur 

if the  ob jec t  being t racked  was f l y i n g  along one of the coor- 

d i n a t e  axes  d i r e c t l y  towards the  radar. The t o t a l  bias e r r o r  

i s  then  2 V A r / r .  

t he  bias corresponds t o  10 f e e t ,  then  2 A r / r  i s  a t  least  

3 . 3  x 

The maximum value t ha t  any of. the terms of 

I f  the minimum value of r i s  100 miles, and 

while the  angle  biases a r e  of the o r d e r  of 

I n  most a c t u a l  cases of t r a c k i n g  an o b j e c t  I n  e a r t h  

o r b i t ,  the v e r t i c a l  v e l o c i t y  ( 5 )  i s  q u i t e  low compared t o  the 

h o r i z o n t a l  v e l o c i t y ,  s o  that  vh - V. 

tha t  the maximum value of A BR i n  any coord ina te  i s  

We w i l l  t h e r e f o r e  assume . -  
V 4- , which i s  a s l i g h t l y  p e s s i m i s t i c  e s t ima te .  



This component of e r ror  w i l l  be cal led the " v e l o c i t y  

r o t a t i o n  e r ro r " ,  and w i l l  be denoted by cVR. 

Evalua t ion  of  the d i f f e r e n c e  a(E) - a(K1) i s  some- 
- what more s t r a igh t fo rward .  Recal ing ( 8 ) ,  = R + ER. Re- 

p l a c i n g  d i f f e r e n t i a l s  by d e r i v a t i v e s  g i v e s  

.- 

where the elements of C a r e  g iven  by 

and t h e  s u b s c r i p t s  t r ~ l l  i n d i c a t e  that  the coord ina tes  must be 

measured from t h e  c e n t e r  of the ear th .  The d i f f e r e n t i a l s  of 

p o s i t i o n ,  however, a r e  t h e  same f o r  coord ina tes  measured from 

the c e n t e r  of the e a r t h  o r  from t h e  radar, s ince  the two co- 

o r d i n a t e  systems a r e  paral le l  (because the r o t a t i o n  of t h e  

ear th  was neg lec t ed ) .  (Even i f  t h e  r o t a t i o n  were considered 

however, t h e  e f f e c t  would be n e g l i g i b l e ,  s ince  the ear th  r o -  

t a tes  only 1/4 of a degree p e r  minute.) The l a r g e s t  e r r o r  i n  



any one coord ina te  occurs i f  one o f  the axes i s  i n  the direc-  

t i o n  of the radius vec tor ,  I f  we assume a l l  of the bias e r r o r  

from e i t h e r  azimuth o r  e l e v a t i o n  i s  i n  t h e  same coord ina te  

d i r e c t i o n  ( the  range e r r o r  i s  n e g l i g i b l e ) ,  then  the e r r o r  due 

t o  t h i s  source i s  

where A(ang1e) i s  t h e  b i a s  i n  azimuth o r  e l e v a t i o n .  Since 

t h e s e  two biases a r e  equal f o r  most  radars, the d i s t i n c t i o n  

i s  not important .  I n  (23), rrrtt i s  measured from the radar. 

Equation (23) i s  a l s o  approximately equal  t o  ( f o r  low ear th 

o r b i t s )  

2 g r A ( A n ~ l e )  - 
I Ec I Ea - 

where "g "  i s  t h e  a c c e l e r a t i o n  of g r a v i t y  a t  the e a r t h ' s  f u r -  

f ace .  T h i s  component w i l l  be c a l l e d  " a c c e l e r a t i o n  e r r o r " ,  

denoted by Ea. 

The term 21 f5k may be eva lua ted  r e l a t i v e l y  e a s i l y .  

The d e r i v a t i v e s  of the second an9 t h i r d  columns of A, from 

equat ion  (20) , a r e  obviously the components of a c c e l e r a t i o n  

i n  r e c t a n g u l a r  coordinates ,  and are t h e r e f o r e  l i m i t e d  t o  

the  value t rg"o The e r r o r s  due t o  angle  b i a s e s  a r e  t h e r e f o r e  
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j u s t  ltgtt times the b i a s  e r r o r .  It i s  easier t o  e v a l u a t e  the 

range term by examining .(21), where I t  may be seen  that  the 

range component of A' FR i s  equal  t o  

d2 - 
i 2 urAr = ('. 2 iir + rv ii*) 5 

where 3 i s  the angle  In the  plane conta in ing  the  orbit and 

the t r acke r ,  and i s  the corresponding u n i t  vec to r .  For I 

all p r a c t i c a l  purposes, t h i s  has the  value V /r, s i n c e  the  

second term i n  (26) has  "g" a s  i t s  maximum value.  The t o t a l  

e r r o r  due t o  t h i s  component i s  t h e r e f o r e  

3 
2 

+ g ( A e  2 +AT 2 ) 1/2 
( 2 7 )  

T h i s  component w i l l  be c a l l e d  the a c c e l e r a t i o n  r o t a t i o n  

e r r o r ,  caR. 

I V .  F i l t e r  Optimization 

Formulas f o r  the noise  e r r o r  and t h e  dynamic e r r o r  

were computed i n  the previous sec t ion .  If A$ =,/- rms = 

t o t a l  angle  bias e r r o r ,  and u i s  i t s  s tandard devia t ion ,  then  

t h e  dynamic and noise  e r r o r s  computed may be summarized i n  t h e  

foll.owing equat ions:  

1L 
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The t o t a l  e r r o r  i s  given by equat ion  (17). 
f e r e n t i a t e d  t o  determine the value of smoothing time T which 

g i v e s  minimum e r r o r ,  the  r e s u l t  i s  found t o  be 

If (17) i s  d i f -  

= 2 .36 ( A t  ) 'I5 ( aN/uD) 2 /5  
*opt 

where uD i s  the rms dynamic e r r o r .  

i n  Figure 3. The variance a t  the minimum i s  t h e r e f o r e  

T h i s  equa t ion  i s  p l o t t e d  

2 2  2/5 6/5 ,4/5 
= V 03/ + 2.30(At) uD N 

2 
opt  U 

The right-hand p a r t  of t h i s  equa t ion  ( t h a t  i s ,  the e r r o r  ex- 

c lud ing  the v e l o c i t y  r o t a t i o n  error) is p l o t t e d  i n  Figure 4. 

It i s  not  p r a c t i c a l  t o  include the v e l o c i t y  r o t a t i o n  e r r o r  

i n  the  same curve as the rest of t h e  e r r o r ,  because the r o t a -  

t i o n  e r r o r s  depends only on angle  e r r o r ,  while  t he  remainder 

of the dynamic e r r o r  i s  a combination of bo th  angle  and range 

e r r o r .  Figure 1 g ives  the t o t a l  e r r o r  as a f u n c t i o n  of smoothing 
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time f o r  a case  of p a r t i c u l a r  i n t e r e s t  t o  t h e  Apollo program. 

The e r r o r  sources  are l is ted i n  Table 1. 

t i o n  e r r o r  has been included i n  the t o t a l  e r r o r  on an r m s  

basis. 

The v e l o c i t y  ro t a -  

While t h i s  procedure i s  n o t  e x a c t l y  c o r r e c t ,  s i n c e  

, par t  of the remaining error is  due t o  angles  and i s  cor re-  

l a t e d  wi th  t h e  v e l o c i t y  r o t a t i o n  e r r o r ,  t h i s  procedure seems 

t h e  most reasonable  one t o  fol low.  

r o t a t i o n  e r r o r  by far  dominates t h e  n e t  e r ro r ,  

cons idered  i n  F igure  1, t h i s  component amounts t o  4.2 fee t  

p e r  second. 

I n  any event ,  the v e l o c i t y  

For the  cases 
0 

I n  o r d e r  t o  use  the formulas developed here, i t  i s  

necessary  t o  assume t h a t  the o b j e c t  being tracked s t a y s  a t  
some 11 average" d i s t a n c e  from the radar, and F igure  1 is  

p l o t t e d  in the cases  when t h i s  d i s t a n c e  i s  one hundred and 

f i v e  hundred miles. 

n o t  depend very s t r o n g l y  on this  assumed average s l a n t  range, 

and s u f f i c i e n t  accuracy i s  probably achieved i f  the s l a n t  

range a t  c l o s e s t  approach i s  used (which w i l l  tend t o  g ive  a 

p e s s i m i s t i c  estimate of dynamic e r r o r  and an o p t i m i s t i c  es- 

timate of no i se  e r r o r ) .  

It may be observed that the e r r o r  does 

I n  any a p p l i c a t i o n ,  of course,  there 

i s  u s u a l l y  no need t o  inc lude  data a f t e r  t h e  optimum smoothing 

time has been reached, but s i n c e  the e r r o r  does n o t  i n c r e a s e  

very r a p i d l y  a f t e r  t h i s  time, from an ope ra t iona l  s t andpo in t  

i t  may be desirable t o  inc lude  a l l  of the t r a c k i n g  data. 

degrada t ion  i s  almost  n e g l i g i b l e ,  and the o p e r a t i o n a l  procedures 

I 

The 
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would then not have to depend on the geomete of a particv= 

lar pass. 

V. System Applications 

In the introduction it was pointed out that the 

procedures described in this memorandum are well-suited to 

determining orbits at an isolated station such as a tracking 

ship. A small digital computer with a modest memory (or 

even possibly an analog computer) could easily perform the 

computations indicated, and compute the orbital elements 

from the positions and velocities. The six elements and a 

time reference could then be transmitted to a central point 

over a communications l i n k  with a very low capacity compared 

to the capacity required to transmit several minutes of 

tracking data. This technique could also be used profitably 

to obtain an initial estimate of the orbit, using data 

obtained at the first tracking station. 

an estimate of the covariance matrix, can then be used as 

the initial state of a standard orbit--determination program. 

Comparison of the accuracies obtained in Figure 1 with those 

obtainable by a standard program for the same amount of 

tracking (Ref. 3) show that the polynominal smoothing tech- 

This estimate, plus 

nique gives 20 to 30 p e r  cent more accuracy than a differential- 

correction method. However, the differential-correction 

method uses large amounts of data more efficiently than the 



’ - 2 0 -  

polynominal method. 

nominal smoothing to measure small arcs of orbits, and 
differential-correction methods to measure large areas. 

Thus it seems reasonable to use poly- 
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Appendix 

Growing Polynomial F i l t e r s  

The "memory" of a f i l t e r  i s  the time span dur ing  

which input  d a t a  a f f e c t s  the output .  Thus i f  the memory of 

a f i l t e r  i s  T seconds, a l l  input  data c o l l e c t e d  during the 

previous T seconds (and only t h a t  data) a f f e c t  the output .  

The memory of a "growing" f i l t e r  i n c r e a s e s  w i t h  t ime. Thus 

i f  to i s  t h e  time a t  which f i l t e r i n g  a c t i o n  s tar ted,  and t 

i s  t h e  p re sen t  time, then  the smoothing time i s  T = (t- tO).  

The rrO,O'l  f i l t e r  discussed i n  the t e x t  makes a l eas t - squa res  

f i t  of a cons t an t  t o  p o s i t i o n  d a t a  perturbed by white  no ise ,  

where the f i t  extends over the smoothing time of the  f i l t e r .  

The '11,1'1 f i l t e r  makes a l eas t - squa res  f i t  of a cons tan t  t o  

f i rs t  d i f f e rences  of such p o s i t i o n  data. Thus the 0,O f i l -  

t e r  measures p o s i t i o n  and the 1,l f i l t e r  measure v e l o c i t y .  

The most a t t r a c t i v e  ope ra t iona l  f e a t u r e s  of grow- 

i n g  f i l t e r s  a r e  t h e i r  s i m p l i c i t y  and economical use  of  com- 

p u t e r  s to rage .  I n  p a r t i c u l a r ,  they  do not  require s to rage  

of a l l  the data p o i n t s  f o r  the p a s t  T seconds; they  preserve  

t h i s  data b y  s t o r i n g  a few appropr i a t e  q u a n t i t i e s .  The f o r -  

mulas f o r  these f i l t e r s  a r e  below. 

The n o t a t i o n  below i s  t h a t  measurements of pos i -  

t i o n  5 a r e  made At seconds a p a r t .  

i s  b, and the (smoothed) output i s  Vn. 

The Input  t o  t he  f i l t e r  

The s u b s c r i p t  "k" 



A - 2  

s p e c i f i e s  the i n p u t  data point,  s o  -03 < k < 00. 

''n" is re ferenced  t o  t h e  s t a r t  of the f i l t e r ,  s o  0 < n < T/At. 

That i s ,  n I s  z e r o  when the f i l t e r  i s  " turned on", and i s  

always equal  ( i n  terms of da t a  p o i n t s )  t o  t h e  memory of t h e  

f i l t e r .  

c a l c u l a t i o n .  

The s u b s c r i p t  

The q u a n t i t y  Iratr i s  the  r e s u l t  of a n  In te rmedia te  

A .  0,O f i l t e r  

B. 1,l f i l t e r  

, 
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